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ABSTRACT 
A graph G with p ~ 3 points, 0 ~<n < p -- 3, is called n-Hamiltonian if 
the removal of any k points from G, 0 ~< k < n, results in a Hamiltonian graph. 
This generalizes the concept of Hamiltonian graphs in as much as the 
0-Hamiltonian graphs are precisely the Hamiltonian graphs. Sufficient condi- 
tions for a graph to be n-Harailtonian are presented, including eneralizations 
of results on Hamiltonian graphs due to Dirac, Ore, and P6sa. 
It has been one of the long-standing unsolved problems in graph theory 
to obtain an elegant but practical characterization f Hamiltonian graphs, 
although several sufficient conditions as well as some necessary conditions 
for a graph to be Hamiltonian have been given. In view of the lack of 
success in obtaining such a characterization, it is not surprising that 
special classes of Hamiltonian graphs have been investigated in recent 
years. Among these are the Hamiltonian-connected graphs (see [4]), in 
which every two points are joined by a Hamiltonian path, and the 
randomly Hamiltonian graphs (see [1]), defined as those graphs in which 
a Hamiltonian path always results upon starting at any point and 
successively proceeding to any adjacent point not yet encountered and 
where the end-points of this path are adjacent. 
In this note we propose to study a new class of "highly" Hamiltonian 
graphs. A graph G with p ~ 3 points will be called n-Harniltonian, 
0 ~< n ~< p -- 3, if the removal of any k points, 0 ~< k ~< n, results in a 
Hamiltonian graph. The 0-Hamiltonian graphs are then simply the 
Hamiltonian graphs. According to this definition, then, the complete 
graph K~ with p points is (p -- 3)-Hamiltonian, but not (p -- 2)-Hamil- 
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tonian. As a further illustration, the graph Gn, n = 1, 2, shown in 
Figure 1, is n-Hamiltonian but not (n q- 1)-Hamiltonian. 
We first consider some conditions necessary for a graph to be 
n-Hamiltonian. A graph G is m-connected if the removal of fewer than m 
points from G neither disconnects it nor reduces it to the trivial graph 
containing a single point. Every Hamiltonian graph is therefore 
2-connected. Since the removal of any n points from an n-Hamiltonian 
graph G results in a Hamiltonian graph, it follows that G is (n + 2)- 
connected. Furthermore, then, every point of G must have degree at least 
n + 2 so that, if G has p points, G has at least p(n + 2)/2 lines. 
GI: ~ G2: 
FIa. 1. A 1-I-Iamiltonian and a 2-Fs graph. 
Of the many sufficient conditions given for a graph to be Hamiltonian, 
probably the most useful and best known are due to Dirac [2], Ore [3], 
and P6sa [5]. We state these now for later reference. 
THEOREM OF DIRAC. I f  G is a graph with p ~ 3 points such that every 
point of G has degree at least p/2, then G is Hamiltonian. 
THEOREM OF ORE. I f  G is a graph with p >i 3 points such that for every 
pair of non-adjacent points u and v, deg u + deg v ~ p, then G is 
Hamiltonian. 
THEOREM OF P6SA. I f  G is a graph with p ~ 3 points such that (1) for 
every j such that 1 ~ j  < (p -  1)/2 the number of points of degree not 
exceeding j is less than j and (2) the number of points of degree not exceeding 
(p -- 1)/2 does not exceed (p -- 1)/2, then G is Hamiltonian. 
We now proceed to generalize ach of these three results, obtaining 
sufficient conditions for a graph to be n-Hamiltonian. A generalization of
P6sa's theorem is given first. 
THEOREM 1. Let G be a graph with p ~ 3points, and let 0 <~ n ~ p -- 3. 
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I f  (1) for every j such that n q- 1 ~ j < (p + n -- 1)/2 the number of 
points of degree not exceeding j is less than j -- n and (2) the number of 
points of degree not exceeding (p + n -- 1)/2 does not exceed (p -- n -- 1)/2, 
then G is n-Hamiltonian. 
Proof. The case n = 0 is P6sa's theorem. Let k be any integer such 
tha~ 1 ~ k ~ n. Delete from G any set of k points obtaining a graph G' 
having p' = p -- k points. We verify that G' is Hamiltonian by P6sa's 
theorem. 
Let j be such that 1 ~ j < (p' -- 1)/2, and suppose G' has s points of 
degree not exceeding j. Certainly the degree of each of these s points in G 
does not exceed j + k. However, 
p'-- I  p+k- -1  p+n- -1  
l + k <~j-k k < ~ + k -- 2 <~ 2 
If j - - kk  < 1 +n,  then condition (1) implies s = 0; otherwise, 
l q -n  ~<jq-k<(p+n- -1 ) /2 ,  in which case s<j -kk - -n  ~<j. 
Thus G' satisfies (1) of P6sa's theorem. 
If G' has t points of degree not exceeding (p' -- 1)/2, then in G these t 
points have degree at most (p ' - -  1) /2+k=(p+k- -  1)/2 ~< 
(pq-n - -  1)/2. Hence by condition (2), t ~(p - -n - -  1)/2 
(p -- k -- 1)/2 ---- (p' -- 1)/2 so that G' satisfies (2) of P6sa's theorem. 
Therefore G' is Hamiltonian and G is n-Hamiltonian, completing the 
proof. 
We now present a sufficient condition for n-Hamiltonian graphs d la Ore. 
A proof of this result can be given by a direct application of Ore's theorem. 
THEOREM 2. Let G be a graph with p ~ 3 points and let O ~ n ~ p -- 3. 
Iffor everypair of non-adjacent points u andv of G, deg u + deg v ~/p + n, 
then G is n-Hamiltonian. 
Proof Delete any k points from G, 0 ~< k ~ n, obtaining a graph G' 
with p' = p -- k points. Any two non-adjacent points u and v of G' are 
also non-adjacent in G; thus degu+degv/~p+n in G and 
deg u q- deg v ~/p + n -- 2k in G'. However, p + n -- 2k ~/p + k = p' 
and G' is Hamiltonian implying that G is n-Hamiltonian. 
A generalization of Dirac's theorem can now be easily proved, with or 
without the aid of Theorems 1 or 2. 
THEOREM 3. Let G be a graph with p ~/ 3 pofl~ts, and let O ~ n ~ p -  3. 
I f  every point of G has degree at least (p -k n)/2, then G is n-Hamiltonian. 
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All the bounds given in Theorems 1, 2, and 3 are best possible. We now 
show this. For this purpose, it is convenient to describe the class of 
complete tripartite graphs. Denote by K(pl ,p~ ,P3) the graph whose 
point set V can be partitioned into subsets V1, V2, V~ where 1 Vi [ = p~, 
i = 1, 2, 3, and where two points u and v are adjacent if and only if 
uE V~, v~ Vk , j  ~ k. 
P6sa's theorem is already known to give conditions which are best 
possible. For n > 0, the' graph K(n, n, n %- 1) satisfies (1) of Theorem 1 
but not (2) and is not n-Hamiltonian. If to the graph K(n, n, n %- 2) we add 
a line between two points of 113, then the resulting graph G satisfies (2) 
of Theorem 1 and (1) with the exception of the value j = (p %- n -- 2)/2; 
however G is not n-Hamiltonian. 
For the graph K(n, n, n %- 1), deg u %- deg v ~ p %- n -- 1 and every 
point has degree at least (p %- n -- 1)/2 so that the bounds given in 
Theorems 2 and 3 are best possible. 
We have presented three sufficient conditions for a graph to be 
n-Hamiltonian in terms of the degrees of its points. Using Theorem 2, it is 
possible to give such a condition involving the number of lines. 
THEOREM 4. I f  a graph G has p points and q lines, where q 
(r~-l) + n + 2, then G is n-Hamiltonian. 
Proof. Let u and v be two non-adjacent points of G and suppose 
deg u + deg v = k. The remaining p -- 2 points of G determine at most 
(~2) lines so that q ~< (~-2) + k. Since q ~ (~-1) + n + 2, (~2) + k 
(~1) %- n %- 2 and k ~ p %- n. By Theorem 2, G is n-Hamiltonian. 
The preceding result cannot be improved since a complete graph with 
p -- 1 points to which is added a single point and n %- 1 lines contains 
(~-a) + n %- 1 lines but cannot be n-Hamiltonian, as we noted earlier. 
We have presented some necessary conditions as well as a few sufficient 
conditions for graphs to be n-Hamiltonian. For large values of n, however, 
it is possible to give conditions which are both necessary and sufficient, 
namely, a graph G with p ~ 3 points is (p -- 3)-Hamiltonian if and only 
if it is complete, and a graph G with p /> 4 points is (p -- 4)-Hamiltonian 
if and only if G is a complete graph from which has been removed a 
collection of mutually non-adjacent lines. The proofs of these facts are 
straightforward and are therefore omitted. 
It now follows that, for p ~ 3, there is one (p -- 3)-Hamiltonian graph 
withp points while, forp ~ 4, there are exactly 1 -k [p/2] non-isomorphic 
(p -- 4)-Hamiltonian graphs with p points. 
Since a characterization f Hamiltonian graphs is evidently an extremely 
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difficult problem, it would conceivably be a more reasonable question to 
characterize, or at least gain some additional information regarding, 
n-Hamiltonian graphs for fixed (preferably small) values of n. Hopefully, 
this might provide an idea from which some additional knowledge of  
Hamiltonian graphs may be gained. 
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